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Abstract. Normal bases in finite fields constitute a vast topic of large
theoretical and practical interest. Recently, k-normal elements were in-
troduced as a natural extension of normal elements. The existence and
the number of k-normal elements in a fixed extension of a finite field are
both open problems in full generality, and comprise a promising research
avenue. In this paper, we first formulate a general lower bound for the
number of k-normal elements, assuming that they exist. We further de-
rive a new existence condition for k-normal elements using the general
factorization of the polynomial xm − 1 into cyclotomic polynomials. Fi-
nally, we provide an existence condition for normal elements in Fqm with
a non-maximal but high multiplicative order in the group of units of the
finite field.
Keywords: Finite fields · Normal bases.
1 Introduction
Let q denote a power of a prime p, and Fq denote the finite field of order q.
If F is an extension field of the field K, we denote by Gal(F/K) the Galois
group of the extension field F over K. We are interested in studying elements
in a finite extension Fqm of degree m over Fq. An element α ∈ Fqm is called
a normal element over over Fq if all its Galois conjugates, i.e. the m elements
{α, αq, . . . , αqm−1}, form a basis of Fqm as a vector space over Fq. A basis of this
form is called a normal basis.
We let φ denote the usual Euler-phi function for integers. Let f ∈ Fq[x] be a
polynomial with positive degree n. Then Φq(f) is defined to be the cardinality
of the ring
(
Fq [x]
〈f〉
)×
, where 〈f〉 denotes the ideal generated by f in Fq[x]. In
other words, Φq(f) is the number of polynomials co-prime to f and with degree
less than n. It is well known that normal elements exist in every finite extension
Fqm of Fq and that there are precisely Φq(x
m − 1) normal elements, and thus
Φq(x
m−1)
m
normal bases in Fqm [14, Theorem 2.35, Theorem 3.73], [8], [17]).
Normal elements are a topic of major significance and interest because they
offer an avenue for efficient arithmetic in a finite field Fq: for instance, raising
an element to the power q is simply a cyclic shift in normal base representation.
Normal bases and related concepts such as optimal normal bases and self-dual
normal bases find several applications, both theoretical and practical. We refer
the interested reader to [1], [6], and [15] for more on this topic.
In [9], Huczynska et al. introduced the concept of k-normal elements as a natural
generalization of normal elements. One of the many equivalent ways to define a k-
normal element α ∈ Fqm is as an element whose conjugates {α, αq, αq2 , . . . αqm−1}
span a vector space of dimension m − k over Fq. It is then of natural interest
to examine the existence and the number of k-normal elements. These problems
have been shown to be closely tied to the factorization of the polynomial xm− 1
[9]. There are numerous known results on bounds on the number of (0-)normal
elements, several of which build on the lower bounds proved in [5] using prop-
erties of the function Φq (see also the improvements on these results in [7]). For
arbitrary k, 0 < k < m− 1, neither a general rule for the existence of k-normal
elements nor a general formula for their number, when they exist, is known.
Huczynska et al. [9] have used the approach of Frandsen [5] to give a lower
bound on the number of k-normal elements which holds asymptotically, as well
as an upper bound which holds in general. However, both their upper and lower
bounds depend directly on the number of divisors of xm − 1 with degree m− k,
and are thus difficult to calculate. Moreover, when xm − 1 has no divisor of
degree m − k, the bounds equal zero, which means that the statement about
lower bounds does not yield any existence result.
In a recent paper, Saygi et al. [20] give formulas (in terms of q and m) for the
number of k-normal elements for cases where m is a power of a prime or of the
form 2v · r where r 6= 2 is a prime and v ≥ 1, using known results on the explicit
factorization of cyclotomic polynomials. In particular, their formulae guarantee
existence for certain cases. A recent result by Reis [19, Theorem 5.5] provides a
sufficient condition on m for which k-normal elements exist for every 0 ≤ k ≤ m.
In 1987, Lenstra and Schoof [13] proved (also see partial proofs by Carlitz [2]
and Davenport [4]) what is known as the Primitive Normal Basis theorem, which
states the existence of an element that is simultaneously normal and primitive
(i.e. has multiplicative order qm − 1 in F∗qm). By extension, elements that have
high multiplicative orders and also span large subspaces along with their conju-
gates are of interest. In particular, problems along this line have found mention
in [9], [11], [12] and [16]. The question of the existence of elements in Fqm that
are both 1-normal over Fq and primitive has been answered in entirety in [19],
after a partial proof and formulation of the problem in [9].
In this paper, we first present an existence condition for k-normal elements (over
Fq) in Fqm based on inequalities involving m and k. It turns out that under
certain constraints on m (loosely put, m must have a sufficiently large common
divisor with qm − 1), k-normal elements exist for k above a minimum lower
bound. This result is independent of the factorization of xm − 1. Moreover, the
conditions on m and q required are weaker than the special forms required in
[20], and also cannot be derived from the conditions in [18, Theorem 5.5]. Thus,
this result extends to cases not previously covered.
We further present a result that guarantees a general lower bound on the number
of k-normal elements (for arbitrary 0 ≤ k ≤ m − 1), provided that they exist.
This proves a link between the number of normal elements and the number of
k-normal elements for k > 0. Since this result does not make any additional
assumption about k, q or m, it is not derivable from any of the known formulas
on the number of k-normal elements.
Our final contribution is an existence condition for (0-)normal elements of mul-
tiplicative order q
m−1
q−1 in Fqm when m and q − 1 are co-prime. Using the ter-
minology of [16], this is the same as talking about 0-normal, (q − 1)-primitive
elements. With this result, we answer a special case of Problem 6.4 posed in
[9], which deals with high-(multiplicative) order k-normal elements in Fqm over
Fq. Our proof follows the method used by Lenstra and Schoof in in proving the
Primitive Normal Basis Theorem [13].
2 Preliminaries
Definition 1. An element α ∈ Fqm is called k-normal if
dimFq
(
spanFq
{
α, αq, . . . , αq
m−1
})
= m− k
Remark 1. It is clear form the definition that an element α is 0-normal if and
only if it is normal by the usual definition. Also, the only m-normal element in
Fqm is 0.
Given α ∈ Fqm , we denote by ord(α) the usual multiplicative order of α in the
group F∗qm . Fqm may be seen as a module over the ring Fq[x], under the action
n∑
i=0
aix
i · α =
n∑
i=0
aiα
qi , α ∈ Fqm (1)
In other words, the value of the image of α under the action of a polynomial
f(x) =
∑n
i=0 aix
i is the evaluation of α at the q-associate [14, Definition 3.58] of
f(x). Note that this is the same as the action of Fq-linear maps on Fqm . Through
this module structure, we also have another concept of order, as defined in [13]
as an additive analogue of the multiplicative order.
Definition 2. Define the function
Ord : Fqm → Fq[x]
as follows. For any α ∈ Fqm , Ord(α) is the unique monic polynomial generating
the annihilator of α under the action defined by Equation (1), i.e.
Ann(α) = 〈Ord(α)〉 in Fq[x]
We now state an important result which provides several equivalent characteri-
zations of k-normal elements.
Theorem 1. [9, Theorem 3.2] Let α be an element of Fqm and
gα(x) :=
m−1∑
i=0
αq
i · xm−1−i ∈ Fqm [x]
Then the following conditions are equivalent:
1. α is k-normal.
2. gcd(xm − 1, gα(x)) over Fqm has degree k
3. deg(Ord(α)) = m− k.
4. The matrix Aα defined below has rank m− k.
Aα =


α αq αq
2 · · · αqm−1
αq
m−1
α αq · · · αqm−2
...
... · · · ... ...
αq αq
2
αq
3 · · · α


The following result on the number of k-normal elements will also prove useful.
Theorem 2. [9, Theorem 3.5] The number of k-normal elements of Fqm over
Fq equals 0 if there is no h ∈ Fq[x] of degree m− k dividing xm − 1; otherwise
it is given by ∑
h|xm−1
deg(h)=m−k
Φq(h), (2)
where divisors are monic and polynomial division is over Fq.
It is known that xm− 1 factorizes over Fq into the set of cyclotomic polynomials
of degrees dividing m [14, Theorem 2.45]. Moreover, for p ∤ d (recall that p is
defined as p = char(Fq)), the irreducible factors of the cyclotomic polynomial
Qd(x) each has degree
φ(d)
r
, where r is the multiplicative order of d mod q [14,
Theorem 2.47]. Since there is also no known closed formula for this number, there
is no closed-form complete factorization (i.e. factorization into irreducibles) of
xm − 1 over Fq. Thus, the above theorem does not give direct answers about
the existence of k-normal elements for k > 0. However, it may be used to ascer-
tain the existence of k-normal elements for certain values of k. In the next two
sections, we look at some interesting results on k-normal elements which can be
derived in certain special cases using Thereom 2.
3 Cardinality of k-Normal Elements
For k = 0, the formula in Thereom 2 yields the well-known value Φq(m) for the
number of normal elements over Fq in Fqm [14, Theorem 3.37]. Since x
m − 1
always has the divisor x− 1 of degree 1 and hence also a divisor of degree m− 1
(and since Φq(f(x)) 6= 0 for any nonzero polynomial f(x)), we always have 1-
normal and (m−1)-normal elements in Fqm . It has been observed in [9] that the
only values of k for which k-normal elements are guaranteed to exist for every
pair (q, m) are 0, 1 and m− 1. In fact, as noted in [19], if q is a primitive root
modulo m, x
m−1
x−1 is irreducible and so for 1 < k < m− 1, k-normal elements do
not exist.
In certain other cases, it is possible to use information about the factorization
of xm − 1 along with Theorem 2 to gain insights into the number of k-normal
elements for different values of k. In [20], the authors provide explicit formulas
for k-normal elements for degrees m that are either prime powers or numbers
of the form 2v · r, for a prime r 6= 2, under certain other constraints q and m.
Below we state one of their noteworthy results.
Proposition 1 ([20, Proposition 1]). Let char(Fq) = p and n = p
r for some
positive integer r. Then the number of k-normal elements of Fqm over Fq is given
by
(q − 1) · qm−k−1,
where k = 0, 1, . . . ,m− 1.
The following result by Huczynska et. al [9] formulates a lower bound for the
number of k-normal elements when the extension degree m is large enough.
Theorem 3 ([9, Theorem 4.6]). Let cm−k denote the number of divisors of
xm − 1 with degree m − k. There is a constant c such that for all q ≥ 2 and
m > qc, the number of k-normal elements of Fqm over Fq is at least
0.28477 · qm−k · cm−k ·
√
logq(m)
Note that there is no simple rule or formula for the value cm−k in terms of m,
k and q, and it may equal zero. So, the above result does not yield an existence
condition.
We now proceed to build a general result on the number of k-normal elements,
assuming that they exist. For this purpose, we consider the structure of Fqm as an
Fq[x]-module under the action defined by Equation (1). We follow the approach
in [10], which is based on the observation that for K = Fqm and G = Gal(K/Fq),
the group of invertible elements K[G]× of the group algebra K[G] acts on the set
of normal elements of Fqm . Using this group action, the author of [10] formulates
an alternate method to count normal elements. We adapt the same argument to
find a lower bound on the number of k-normal elements in Fqm when they exist.
Lemma 1. Let k ∈ {0, 1, . . . ,m}. Denote G := Gal(Fqm/Fq) and K := Fq. Let
Sk be the set of k-normal elements over Fq in Fqm , and assume that Sk 6= ∅. Let
K[G]× be the group of invertible elements of the group algebra K[G]. The map
K[G]× × Sk → Sk, given by(∑
h∈G
ah · h
)
· α =
∑
h∈G
ah · (h · α) (3)
for α ∈ Fqm and coefficients ah ∈ K defines a group action on the set Sk.
Proof. Let α be an arbitrary element of Fqm and let
V := spanFq{σα : σ ∈ G}
We know that G is a cyclic group of order m, V is a subspace of Fqm , and that
α is k-normal if and only if dimFq V = m− k. It is clear that the map
K[G]× × Fqm → Fqm , given by(∑
h∈G
ah · h
)
· α =
∑
h∈G
ah · (h · α), α ∈ Fqm (4)
defines a group action.
Now, assume that α ∈ Sk. Then, dimFq V = m− k. Let
{σ1 · α, . . . , σm−k · α}
be a basis of V . We show that the image of α under any element of the group
K[G]× is again k-normal. For this, pick u ∈ K[G]× and write
u =
∑
h∈G
ah · h
for coefficients ah ∈ K. Let β = u · α. We have
β = u · α =
∑
h∈G
ah · (hα)
=
∑
h∈G
ah ·
m−k∑
j=1
bhj · (σjα)

 Writing h · α = m−k∑
j=1
bhj (σjα) , bhj ∈ K


=
m−k∑
j=1
bhj ·
∑
h∈G
ah · (σjα)
∈ V
where the second step is possible because {σi(α)i∈{1,...,m−k}} is a basis for V .
Similarly, for any σ ∈ G, σ · β ∈ V , so
spanFq{σβ : σ ∈ G} ⊆subspace V
But since u is invertible, we have α = u−1 ·β. By an identical argument as above,
V = spanFq{σα : σ ∈ G} ⊆subspace spanFq{σβ : σ ∈ G}
So, spanFq{σβ : σ ∈ G} = V , and we conclude that β is also k-normal. Therefore,
we have shown that the action (4) sends k-normal elements to k-normal elements,
and thus naturally induces the action (3). This completes the proof. ⊓⊔
Theorem 4. Let nk denote the number of k-normal elements in Fqm . If nk > 0,
i.e. if k-normal elements exist in Fqm , then
nk ≥ Φq(x
m − 1)
qk
Proof. We use the same notation as in Lemma 1. Note that for a generator σ of
G we have a ring isomorphism(
Fq[x]
〈xm − 1〉
)
7→ K[G]
x 7→ σ (5)
Therefore,
K[G]× ∼=
(
Fq[x]
〈xm − 1〉
)×
(as groups). (6)
We conclude that through the isomorphism (5) the group action (3) induces a
group action
(
Fq[x]
〈xm − 1〉
)×
× Sk 7→ Sk
given by
(
m−1∑
i=0
fi · xi
)
· α =
m−1∑
i=0
fi · σi(α) =
m−1∑
i=0
fi · αqi (7)
Denote H :=
(
Fq[x]
(xm−1)
)×
. For any k-normal element α, we have
Stab(α) = {p(x) ∈ H : p(x) · α = α}
= {p(x) ∈ H : (p(x)− 1) · α = 0}
= {p(x) ∈ H : Ord(α) divides (p(x)− 1)} (8)
We know that from Theorem 1 that Ord(α) is a polynomial of degree m − k.
Equation (8) implies that for p(x) ∈ H ,
p(x) ∈ Stab(α)⇔ p(x) = Ord(α) · r(x) + 1, with deg(r(x)) ≤ k − 1 (9)
Hence, the number of possible distinct values for p(x) ∈ Stab(α) cannot exceed
the number of polynomials with degree less than k. More precisely,
|Stab(α)| ≤ min(|H |, qk) = min (Φq(xm − 1), qk) ≤ qk (10)
Finally, Equation (10) and the Orbit-Stabilizer Theorem together give
|Orb(α)| =
∣∣∣∣ HStab(α)
∣∣∣∣ ≥ Φq(xm − 1)qk
Since the action (7) is on k-normal elements, it is now clear that the number nk
of k-normal elements satisfies nk ≥ Φq(x
m−1)
qk
, thus completing the proof. ⊓⊔
Remark 2. In [10], it is shown that for the case of normal elements (i.e. k = 0),
the action (7) is both free (i.e. u · α = α ⇒ u = 1) and transitive, and it
thereby yields an alternate proof of the well-known result that the number of
normal elements in Fqm is equal to Φq(x
m − 1). However, for k > 0 the action is
clearly not free (in fact, for every k-normal α, there exists u ∈ K[G]× such that
u · α = α). So, we cannot directly adapt the argument as in [10] to count the
exact number of k-normal elements. However, as shown by the above theorem,
the action may nevertheless be used to obtain a lower bound.
4 Existence of k-Normal Elements
From the previous section, it is clear that some results on the number of k-
normal elements automatically imply their existence. For instance, the existence
of k-normal in Fqm for m a power of the characteristic p is established as an im-
mediate corollary of Proposition 1. On the other hand, the cardinality formula
in Theorem 3 gives the value zero when xm−1 has no divisor with degree m−k,
and thus yields no condition for the existence of k-normal elements. Similarly,
the statement on cardinalities in Theorem 4 holds only under the assumption
that k-normal elements exist in Fqm . We now shift our focus to finding exis-
tence conditions for k-normal elements over Fq. We begin by presenting (a slight
rewording of) a result by Reis, which is closely related to our existence result.
Theorem 5 ([18]). Let q be a power of a prime p and let m ≥ 2 be a positive
integer such that every prime divisor of m divides p · (q − 1). Then k-normal
elements exist for all k = 0, 1, 2, . . . ,m.
Clearly, we get Proposition 1 as a corollary of the above theorem. Although
this theorem significantly extends Proposition 1, it still restricts the prime fac-
torization of m to be of a particular form, and thus limits the allowed values
of m. it is easy to see that it does not apply to simple examples like q = 5,
m = 6, and q = 8, m = 6, where k-normal elements are known to exist for every
k = 0, 1, 2, . . . ,m. We now state the main result of this section, a sufficiency con-
dition for the existence of k-normal elements, which does not, unlike Proposition
1 and Theorem 5, requirem or its prime factors to be of a fixed type. This result
is also independent of the factorization of xm − 1 into irreducibles over Fq, and
is derived using only the general factorization into cyclotomic polynomials.
Theorem 6. If m | (qm − 1), then k-normal elements exist in Fqm for every
integer k in the interval 0 ≤ k ≤ m− 1. If m ∤ qm − 1, let d = gcd(qm − 1, m).
Assume that
√
m < d. Let b denote the largest prime divisor of m that is a
non-divisor of qm − 1. Then, for k ≥ m− d− b+ 1, k-normal elements exist in
Fqm . In particular, if m ≤ d + b − 1, then k-normal elements exist for every k
in the interval 0 ≤ k ≤ m− 1.
Proof. We know from Equation (2) that the number of k-normal elements in
Fqm is given by ∑
h|xm−1
deg h=m−k
Φq(h(x))
Thus, normal elements exist in Fqm if and only if x
m − 1 has a divisor of degree
m − k. First note that for d = gcd(qm − 1,m), we have d | qm − 1, the order
of F∗qm , so by the general properties of a finite cyclic group, there are precisely
d elements α in the group F∗qm satisfying α
d = 1, and so d elements must also
satisfy αm = 1. Thus, xm − 1 has precisely d linear factors over Fqm . Let its
roots in Fqm be α1, α2, . . . , αd.
If m | qm − 1, then d = m, and xm − 1 splits into linear factors over Fqm . Thus,
in this case, for any k ∈ {0, 1, 2, . . . ,m − 1}, one may always combine m− k of
the m linear factors to obtain a factor of degree m− k of xm − 1. Hence, we are
done for this case.
If m ∤ qm − 1, then d < m. Assume that for some k ∈ {0, 1, 2, . . . ,m − 1},
no k-normal element exists in Fqm . It is known that x
m − 1 has the following
factorization over Fq:
xm − 1 =
∏
t|m
Qt(x)
where Qt(x) denotes the t
th cyclotomic polynomial, and is known to have coef-
ficients in Fq [14, Theorem 2.45]. Write
xm − 1 =
∏
t | d
Qt(x) ·
∏
t | m
t ∤ qm−1
Qt(x)
= (xd − 1) ·
∏
t | m
t ∤ qm−1
Qt(x)
= (x− α1) · (x − α2) · . . . · (x− αd) ·
∏
t | m
t ∤ qm−1
Qt(x)
where the last step follows from the fact that d | qm − 1, so as in the first case,
xd − 1 splits in Fqm . Now, let b be the largest prime dividing m but not qm − 1
(such a b exists because we have assumed that m ∤ qm − 1). Then Qb(x) figures
in the latter product of the above equation. Since no k-normal elements exist in
Fqm , m− k must be greater than the number d of linear factors, and it must be
impossible to combine the factors of degree greater than 1, in particular, Qb(x),
with the linear factors to obtain a factor of degree m− k. Mathematically,
m− k > d,
and
either φ(b) > m− k or φ(b) + d < m− k
Rearranging, we get
k < m− d, (11)
and
either k > m− φ(b) or k < m− d− φ(b) (12)
Now, since b is a prime dividing m but not q− 1, b must divide m
d
. In particular,
b ≤ m
d
. From the hypothesis
√
m < d, we get b ≤ m
d
< d, and so
m− φ(b) = m− b+ 1
> m− d+ 1 > m− d
> k (13)
where the last step follows from Eq. (11). We now immediately note that the
former condition in Eq. (12) is incompatible with Eq. (13), and so it cannot hold.
Therefore, the latter condition of Eq. (12) must be satisfied, i.e. we must have
k < m− d− φ(b) = m− d− b+ 1
for k such that k-normal elements do not exist. Hence, we conclude that for all
k ≥ m− d− b+ 1, k-normal elements exist in Fqm , as required. ⊓⊔
Remark 3. Note that the fact that b is a prime plays a key role in the above
proof. If b is, instead, an arbitrary divisor of m that does not divide q − 1, then
it is not guaranteed that b divides m
d
(E.g. consider q = 25,m = 20, b = 10). So
the argument may not hold true even though the inequality m
d
< d may hold.
We now reconsider the two examples considered before. For q = 5, m = 6, we
have qm−1 = 15624, which is divisible by 6. So, Theorem 6 shows that k-normal
elements exist in Fqm for every k ∈ {0, 1, . . . ,m}. For q = 8, m = 6, we have
qm − 1 = 262143, and so d = gcd(qm − 1, m) = 3 > √6. The largest prime b
that divides 6 and not 262143 is clearly 2. So, Theorem 6 shows that k-normal
elements exist in Fqm for every k ≥ m− d− b+ 1, i.e. for every k ≥ 2. Since we
know that 0- and 1-normal elements always exist in Fqm , we conclude that in
this case k-normal elements exist for every k ∈ {0, 1, . . . ,m}. The exact numbers
for these two examples are listed in Tables 4 and 2, respectively, in Section 6.
5 Normal Elements with Large Multiplicative Order
So far, we have studied the “additive” structure of Fqm as a vector space over
Fqm . It is also of interest to study the relation between this aditive structure
and the natural multiplicative structure of F∗qm . One of the most noteworthy
results in this direction is the Primitive Normal Basis Theorem ([13], [2], [4]).
Several generalizations to this result have been proposed and are still unsolved.
We state some of these in Section 6. Below, we state and prove an existence
result for normal elements (i.e. k = 0) with multiplicative order q
m−1
q−1 in Fqm . It
turns out that such elements always exist if m and q − 1 are co-prime, and that
this may be derived using the same methods as Lenstra and Schoof [13] in the
proof of the Primitive Normal Basis Theorem.
Theorem 7. Suppose that (m, q−1) = 1. Then Fqm has a normal element with
multiplicative order q
m−1
q−1 .
Proof. Let k := q
m−1
q−1 . Define
A ={α ∈ Fqm : Ord(α) = xm − 1}
B ={α ∈ F∗qm : ord(α) = k}
C ={α ∈ Fqm : α(q−1)
2
= 1}
where the sets A and C are defined identically as in the proof of Lenstra and
Schoof, and B is defined as the set of elements with order k, rather than primitive
elements. Note that C is a subgroup of F∗qm . Also note that since the definitions
of A and C are unchanged, we may use directly the result (1.12) of the original
proof in [13]. We state this as follows. For the set CA defined as
CA = {γ · α : γ ∈ C,α ∈ A},
we have
CA = A (14)
Let BC denote the set BC = {β · γ : β ∈ B, γ ∈ C}. Now, since Equation (14)
holds, the exact same argument as in the original proof also yields the result
indexed (1.13) in [13]. Since we have a different B, we prove it below. The proof
is identical for B defined as the set of elements of any multiplicative order.
If α ∈ A, β ∈ B, γ ∈ C are such that α = β · γ ∈ B · C, then β = α · γ−1 ∈
CA ∩B = A ∩B, and so we have
A ∩B = ∅ ⇔ A ∩BC = ∅ (15)
As in the original paper, we use Equation (15) and prove that A ∩B · C 6= ∅ to
conclude that A ∩B 6= ∅.
Let H denote the unique subgroup of order k in F∗qm . Here,
BC = {β · γ : β ∈ B, γ ∈ C}
= {β · γ : β generates H, γ ∈ C}
=
{
β · γ : β · C generates H
C
, γ ∈ C
}
=
{
β · γ : β · C ∩H generates H
H ∩ C , γ ∈ C
}
Now note that
gcd(k, (q − 1)) = gcd
(
qm − 1
q − 1 , q − 1
)
= gcd
(
1 + q + q2 + . . .+ qm − 1, q)
= gcd(m, q − 1)
= 1,
where the second last equality can be checked by direct computation for general
values ofm and q, and the last equality follows by the hypothesis of the theorem.
Thus, |C| = (q − 1) · gcd(q − 1, m) = (q − 1). So, in this case, C is the unique
subgroup of F∗qm with order q − 1. Thus, C and H are subgroups with co-prime
orders, and therefore intersect trivially. Now let
D = {α ∈ F∗qm : ord(α) = qm − 1}
denote the set of generators of F∗qm . We claim that
D ⊆ BC
To see this, pick α ∈ D. Since gcd(k, q − 1) = 1, there exist integers a and b
such that
a · k + b · (q − 1) = 1
This implies that (a, q − 1) = 1 and (b, k) = 1. Thus, αka has order q − 1 and
αb(q−1) has order k.
Thus, α = αb(q−1) · αka, with αb(q−1) ∈ B and αka ∈ C. We have hereby proved
that D ⊆ BC. We now have A ∩ D ⊆ A ∩ BC. But, by [13, result (1.10)], we
have A ∩D 6= ∅, and so we must also have A ∩ BC 6= ∅. By Equation (15), we
conclude that A ∩B 6= ∅.
Hence, Fqm contains a normal element with multiplicative order k =
qm−1
q−1 , as
required. ⊓⊔
6 Examples
We now demonstrate the validity of Theorems 4, 6, and 7 with the help of con-
crete examples. The following cardinalities were derived by an exhaustive search
using the algebra software package SageMath [21]. Each table below corresponds
to the extension Fqm of Fq, and shows that the number of k-normal elements,
whenever nonzero, is greater than or equal to the number
Φq(x
m−1)
qk
, as stated
in Theorem 4. Note that these latter values, which appear in the second col-
umn, have been rounded off to two decimal places. Below each table, we give the
number of normal elements with multiplicative order q
m−1
q−1 . In the terminology
of [16], we call these (q − 1)-primitive normal elements. Clearly, Theorem 7 is
validated by the fact that all these numbers are non-zero.
We have already discussed Tables 4 and 6 in the light of Theorems 5 and 6. On
the other hand, note that for the example in Table 5, Theorem 5 is applicable,
while Theorem 6 is not. This shows that neither of these two results is stronger
than the other. In the case of Table 8, the assumptions of both theorems hold
and both guarantee the existence of k-normal elements for every value of k less
than m. For Tables 1, 2, 3, and 7, neither Theorem 5 nor Theorem 6 applies. In
fact, Table 3 shows that 3-normal elements and 7-normal elements over F2 do
not exist in F1024.
Table 1: F8/F2 (q = 2, m = 3)
k # of k-normal elements
Φq(x
m − 1)
qk
0 4 4
1 4 4
2 2 2
3 1 1
# of (q − 1)-primitive normal
elements = 4
Table 2: F59049/F9 (q = 9, m = 5)
k # of k-normal elements
Φq(x
m − 1)
qk
0 51200 51200
1 6400 5688.89
2 1280 632.10
3 160 70.23
4 8 7.80
# of (q − 1)-primitive normal
elements = 5750
Table 3: F1024/F2 (q = 2, m = 10)
k # of k-normal elements
Φq(x
m − 1)
qk
0 480 480
1 240 240
2 240 120
3 0 60
4 35 30
5 15 15
6 15 7.5
7 0 3.75
8 2 1.875
9 1 0.94
# of (q − 1)-primitive normal
elements = 290
Table 4: F262144/F8 (q = 8, m = 6)
k # of k-normal elements
Φq(x
m − 1)
qk
0 225792 225792
1 28224 28224
2 7560 3528
3 441 441
4 119 55.13
5 7 6.89
# of (q − 1)-primitive normal
elements = 20124
Table 5: F729/F3 (q = 3, m = 6)
k # of k-normal elements
Φq(x
m − 1)
qk
0 324 324
1 216 108
2 108 36
3 60 12
4 16 4
5 4 1.33
# of (q − 1)-primitive normal
elements = 290
Table 6: F15625/F5 (q = 5, m = 6)
k # of k-normal elements
Φq(x
m − 1)
qk
0 9216 9216
1 4608 1843.20
2 1344 368.64
3 384 73.73
4 64 14.75
5 8 2.95
# of (q − 1)-primitive normal
elements = 642
Table 7: F4913/F17 (q = 17, m = 3)
k # of k-normal elements
Φq(x
m − 1)
qk
0 4608 4608
1 288 271.06
2 16 15.94
# of (q − 1)-primitive normal
elements = 288
Table 8: F2401/F7 (q = 7, m = 4)
k # of k-normal elements
Φq(x
m − 1)
qk
0 1728 1728
1 576 246.86
2 84 35.26
3 16 5.04
# of (q − 1)-primitive normal
elements = 112
7 Conclusions
In this paper, we dealt with the recently introduced concept of k-normal elements
in finite fields [9]. The existence and cardinalities of k-normal elements in Fqm are
both strongly tied to the factorization of the polynomial xm − 1 over Fq, which,
in turn, depends on the factorization of cyclotomic polynomials. One does not
have an explicit formula for the irreducible factors of cyclotomic polynomials,
or of their degrees, and so it is not possible to directly infer the existence or
numbers of k-normal elements. However, one may deduce several key results by
forcing certain conditions on m, k, and q. In Theorem 6, we used the general
factorization of xm − 1 into cyclotomic polynomials to obtain a new existence
condition for k-normal elements.
The structure of Fqm as an additive module over Fq[x] plays a key role in proofs
related to normal and k-normal bases. In Theorem 4, we furnished a lower bound
for the number of k-normal elements in Fqm under the sole assumption that at
least one of them exists. The proof is inspired by the observation in [10] that
the additive module structure of Fqm in fact gives rise to a group action on all
the normal elements. Our bound does not require a specific form for m or q, and
therefore extends beyond the formulas provided in [20].
After the proof of the well-known Primitive Normal Basis Theorem by Lenstra
and Schoof [13], several interesting generalizations have been proposed. The
existence and numbers of elements with different pairs of additive orders (as in
Definition 2) and multiplicative group orders have been investigated by several
authors. Some solved and unsolved problems in this domain may be found in
[9], [3], [16], and [12]. We state one such relevant open problem below.
Problem 1 ([9, Problem 6.4]). Determine the existence of high-order k-normal
elements α ∈ Fqm over Fq, where high order means ord(α) = N , with N a large
positive divisor of qm − 1.
With Theorem, 7 we answered a special case of Problem 1. Following the method
of Lenstra and Schoof [13], we provided an existence condition for elements in
Fqm with maximal additive order (i.e. normal elements) that simultaneously have
a non-maximal but high multiplicative order, namely q
m−1
q−1 .
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